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ASYMPTOTIC METHODS IN DYNAMIC CONTACT
PROBLEMS FOR AN ELASTIC HALF-SPACE

E. V. Kovalenko! and V. B. Zelentsov? UDC 539.3

The following dynamic contact problems of the theory of elasticity are considered: (1) the problem of
antiplane shear of an elastic half-space by a punch and (2) the plane problem of pressing of a punch into an
elastic half-plane. We assume that at time ¢t = 0, a force that varies arbitrarily in time is applied to the punch.

To solve these dynamic problems, we apply the Laplace-Carson transform with respect to time and
the Fourier transform with respect to the spatial coordinate. As a result, the Laplace-Carson-transformed
contact stress problems are reduced to Fredholm integral equations of the first kind of the convolution type
on a finite interval, with kernels depending on the dimensionless parameter A € (0, 00) related to time.

To solve these equations, we used the methods of {1, 2]. For large and small values of A, which correspond
to large and small times of interaction of a punch and a half-space, simple analytical solutions are obtained
in several forms, each of which is effective in its region of variation of the parameter A. Calculations have
shown that these regions overlap the entire possible range of variation of A. To obtain the final solution of the
problems, in the resulting formulas, we go over from the Laplace-Carson transform of unknown functions to
their originals.

1. Let an isotropic elastic half-space be subjected to pure shear under the effect of an infinite
undeformable band of width 2a loaded along its generatrix by a shearing force T(t) = Tof(t) [f(t) is a
bounded function with a finite number of discontinuity lines for ¢ > 0] related to a unit length. We assume
ideal contact between the surfaces of the band and the half-space. We choose an orthogonal coordinate system
Ozyz. The contact plane y = 0 coincides with the interface between the band and the half-space; the half-space
occupies the region y < 0. The 2z axis is directed along the band’s generatrix.

The problem is reduced to the solution of the differential equation

2 2 2
Aw:zlg-%t—': (c%=-§—, A=a—i-2-+§—y2), (1.1)
which results from the Lamé equations in the absence of mass forces under the boundary conditions (1.2)
y=0: w=7f(t) (z|<a), 7:=0 (]z|>a) (1.2)
and the initial conditions
t=0: w=0, Jw/dt=0. (1.3)

Here w(z,y,t) is the projection of the displacement vector onto the z axis, p and G are the density and shear
modulus of the material of the elastic half-space, 7y; is the tangential component of the stress tensor, and
vf(t) is a function that characterizes the rigid displacement of the band.

We shall solve the mixed boundary-value problem (1.1)-(1.3) using integral transforms [3]. Applying
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the Laplace-Carson transform with respect to time
e t
wl = p/w(a:,y,t)e"’"dt, w= —-1—- /w[‘(z,y,p)i dp, (1.4)
272 D
0 L
we obtain the following boundary-value problem for the function wL(z, Y,D):
Awt =pltwt, y=0: wi=4fp) (2l<a), 7.=0 (s|>a) (1.5)

To solve (1.5), we use the integral Fourier transform with respect to z [1] and write an integral equation with
respect to the Laplace-Carson-transformed contact shear stresses 7£(z, p). Using the dimensionless variables
z = z'a and £ = €'a and the notation ¥ = 7'a, A = cz(ap)~, and ¢*(z',p) = 74(z,p)G~! (the prime is
further omitted), we write this equation as

1
[ oHe k(532 de = mal@)rHp) (lel < 1) (16)
1

oo

k(s) = /K(u) cos(us)du = Ko(s), K(u)=
0

e g9(z) =1, (L7

where Ky(s) is the MacDonald function.

We consider the second contact problem on frictionless pressing of a rigid punch of width 2a in the
elastic half-plane |z| < 00, y < 0 by the force P(t) = Py f(t), i.e., it is required to find a solution of the Lamé
system of equations, which is written for convenience in terms of the wave functions ¢(z,y,t) and ¥(z,y,t)

as
(g - a2_¢) + 5 (B0 ﬂ) =0

oz 2] " By ~ ot (1.8)
-‘% (cfAcp - ?Tf) - 5‘?; (C§A¢ - ?;tlf-) =0, c&=2G(1-v)p(1-2v)]"
and is subject to the boundary and initial conditions
y=0: 222478 Thoo (<o)
gf—a;y—f+(£5-2)-g;%+2%=o (b:%, |z|>a), (1.9)
=l r@If) (<o)
t=0: @=¢=0, %{-:%%:0. (1.10)

In (1.8) and (1.9), v is the Poisson ratio for the material of the elastic half-plane, v f(t) is the rigid displacement
of the punch under the action of the force P(t), and r(z) is a function that describes the punch-base shape.
Here we confine ourselves to the case in which the force P(t) is applied at the center of the punch collinearly
to the y axis.

To (1.8)-(1.10) we apply in sequence the Laplace-Carson integral transform with respect to time and
the Fourier transform with respect to the z coordinate. Thus, we reduce, as before, the solution of the mixed
boundary-value problem to the equivalent integral equation in the Laplace-Carson images. This equation in
the above dimensionless variables takes the form (1.6). The kernel of the equation is representable in the form
(1.7), where

2(1 — b%)Vu? + b2

b? < 1). 1.11
(2u2 +1)% — 4u2Vu? + b2 Vul +1 ( ) (1.11)

K(u) =
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In (1.6), ¢L(2',p) = ¢L(z,p)[2G(1 - B?)]1, g(z') = a~ [y — r(z)], and ¢%(z,p) is the Laplace~Carson
transformant of contact pressures (dimensionless variables are unprimed).

2. Before solving the integral equation (1.6), we study the properties of its kernel. It should be
noted that the function K({) (the kernel symbol) is real, even, and positive throughout the real axis and
is multivalued in the complex plane { = u + iv. In the first of the problems, this function has one pair of
branching points ¢ = %1, while in the second it has two pairs of branching points ({ = +: and { = %bi) and
two poles [ = £Ri (R > 1)] located on the imaginary axis. To make the function K(({) single-valued, in the
complex plane we make cuts from point +i to point —:¢ through a point at infinity for the first problem, and
for the second problem we make two cuts connecting the branching points b with ¢ and —b with —i.

The asymptotic properties of the function K(¢) are as follows:

N
Ku)=A+0(?) (u—0), uK(u)=1+Y emu ™ +0u2N?) (u—- o0). (2.1)

n=1

Here A = 1 for the first problem and A = 25(1 — %) for the second problem.
It follows from (2.1) that, for small s, the asymptotics of the kernel k(s) is of the form [2]

N .
k(s) =ln|s|li(s) + Io(s), 1i(s) = S djis® + O(s*¥*?) (i =1, 2), (2.2)
=0

where the first several coefficients d;; are given by the formulas

o0

At
dio=-1, di=2, dp=-o>, dyp= _/ [K(u) Sl ]du,
0

2 24’

3 1 o0 du
n = =ger 3 [ = OKG) +eal -

du
dyp = 28864 /[ (l ) u’K(u) + eq(1 —e™)] -
We seek a solution of the integral equation (1.6) for large A in the form [2]

N =n
@)= Y Pk (@, A2 (0 )™ + OV 21N 41 ), (23)
n=0 m=0
Substituting (2.2) and (2.3) in (1.6), equating expressions of equal powers of A~% and In ), and taking
the inverse Laplace—Carson transform of ch(:v, p), we obtain with accuracy up to terms of the order of

O(A~tIn))

1 92 1 9 [enlz,7)
o(z,t) = poo(z,t) + 12 a—tho(z,t) iz ;97 TG=72 d
C & InA 82
v gt—z?zl(l', t) — '%7; le(x’t) (A= Ap), (24)

t4+0
0

Plnp+C) =3, p= o [l o)== [ o(r)f(t~r)dr;

-0
L 1 —¢2
o, t) = —s [Molt) — 100 [ Yoo o (6) ]
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1 1 1_52 1
en(e,t) = ey [ Ve de /l(f—f)(Qdulnlﬁ—T|+2d21+d11)‘P00(T,t)(1—7'2)-1/2d7', (2.5)

e

e21(z,t) =

2d11 h V1-é& l )

- _/1 & [ ew(r)ie - 7)dr;
1

No(t) = [ o(a,t)da (26)

-1

-1

(C is the Euler constant). Here, the integrals and derivatives in (2.4) should be understood in the generalized
sense [3].

The following fact is noteworthy. Let, for example, the punch have a flat base {g(z) = g = const],
and f(t) = H(t), where H(t) is the Heaviside step function [3]. Mechanically, this means that the punch has
instantaneously moved for the quantity g under the action of the force Ny(t), and it is sustained by the force
in this state. Then for large ¢, formulas (2.4) and (2.5) become

No
) = ——, 2.7
where Ny = Ty/(aG) for problem 1 and Ny = Py/[2aG(1 — b?)] for problem 2, i.e., they degenerate rather
rapidly into the solution of the corresponding static problem. As is known from [4], for this problem, it is
impossible to find a relationship between the force Ny and the rigid displacement of the punch g from condition
(2.6).
We construct a solution of the integral equation (1.6) for small A (small time). For this, we use the
asymptotic method of “small” A [1, 2]. The zeroth term of the asymptotics of the solution of Eq. (1.6) for
A — 0 is representable as

14z l1-2z z
L LI TE L{-—+ R Y el
‘P (x,P) -(Pt( ,\ ’ )+‘P*( A ,P) v (/\,P), (28)
where oL (y,p) and vE(y, p) are solutions of the integral equations of the form
[}
J et pk(r - y)dr = 7A 7 fA(p) (0 <y < oo) (29)
0
o0
[ oH ok = y)ar = xgx7 A (p) (Il < o0). (210)
-0

Here we use the evenness of the function K(u) (|u| < co) and Theorem 24.4 from [1], according which it will
suffice to study only Eq. (1.6) with the right-hand side g(z) = g = const.

The solution of (2.9) can be found by the Wiener-Hopf method [1] if the factorization of the function
K(a) = K4(a)K-(a) is used:

gfl(p) 1 TF emia
XKL (0) 277 .E(—a)—ada (c > 0). (2.11)

—00-41C

efy,p) =

The integral equation (2.10) is solved by means of the integral Fourier transform and the convolution
theorem (1}

vl (y,p) = gfE(p)AK(0)] 1. (2.12)

Applying the inverse Laplace-Carson transform to (2.8) and taking into account that A = Ap™!, we
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write solutions of the formulated problems for A — 0 as

14z -z T
o(z,t) = cp.( A ,t) + <p.<—A—,t) - v(K,t). (2.13)
Setting K(a) = (1 + a?)~1/2 in (2.11), (2.12), we have

cpf’(l f z ,p> _ gfL(P) {ex\r}il\/\-lilj;:;)] —erfc \/—l_ﬂ;_z + 1} ot (;’ ) gfi( )’ (2.14)

whence, in accordance with (2.13), we find a solution of the problem of pure shear of an elastic half-space by
a punch:

( f'(2) : [0 < tA < o_(2)],
f’(t)+;—\/-;1———(—7g; [ fe-n "—(——’d [o-(2) < th < 74(2)},
-z o~ (::)A‘1
Ap(z,t)
= f,(t)+7r 5 / f(t )dT (2.15)
voT o_(z)A-1
+—-L(-_)% [ fe-1) (’—i}"—)dr [tA > o4 ()],
S A A S P V!

ox(z)=1x|z|, Oi(z,7)=+/TA —0ox1(z).

In going from the Laplace-Carson transforms to originals in relations (2.13) and (2.14), we used the
following formulas [5]:

0 (t < a), ' o (t<a),
perfc(/ap)=<¢ 1 a VPeETP =0 a).
{r—t P (t>a,a>0), = o) (t>a)

If the law of motion for the punch is given, as above, by the Heaviside function, the solution (2.15) is
simplified and becomes

50 [0 < tA < o-(2))],
0-(t,2) [0-(z) < tA < o4(2)],

&(t
Ap(z,t) _ ) o0+ rtyJo—(z) (2.16)
? s+ —=tbzl | B@l) oy, (g,
7rt\/a_. wtyfoi(z)
where 6(t) is the Dirac delta-function.

Having obtained expressions (2.15) and (2.16), one can analyze the contact tangential stresses in the
first problem. From Eqs. (2.15), it is evident that until the contact-stress wave reaches the “observation” point
under the punch, the stress at this point is proportional to the punch velocity f'(t). The contact tangential
stress wave arriving at the “observation” point from the nearest punch end has zero stress at the front and
propagates at the velocity of a transverse wave in the given medium. In addition, after a certain period of
time, the contact-stress wave arrives at this point from the other punch end. In particular, from relations
(2.16), which correspond to the case f(t) = H(t), it follows that the contact tangential stresses at each point
under the punch are proportional ‘to §(t), while for ¢ > 0 before the arrival of the transverse wave from the
nearest punch end, they are zero.

The distributions of contact tangential stresses ®(z,t) = Ag~'¢(z,t) are plotted in Fig. 1 for times
tA = 0.5, 1.0, and 1.5 (curves 1-3). In addition, Fig. 2 illustrates the quantity ®(z,t) versus tA at the points
z =0, 0.5, and 0.9 (curves 1-3).
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An important characteristic of solutions of contact problems is the force (2.6) acting on the punch. To
find the force, we use the fact that, for small A, the zeroth term of the asymptotic solution of the integral
equation (1.6) is representable in multiplicative form [1]:

o' (z,p) = wf(l ;x,p><pf(l ;z,p) [vLG,p)]—l, (2.17)

where the functions pZ(y,p) and vL(y,p) satisfy Eqs. (2.9) and (2.10). Let us first determine the quantity

1
N = [ oH(z,p) da. (2.18)
-1

Introducing (2.11), (2.12), and (2.17) in Eq. (2.18) and performing the necessary transformations [1],
we obtain

NE(p) = gf%(p) Ko 0) 3 | a?Ki(ia)

de. (2.19)

Assuming that K(a) = (1 + a?)~1/2, from (2.19) we obtain
Ni'(p) = of* ()27 +1). (2:20)

Applying the inverse Laplace-Carson transform to (2.20), with allowance for the last relation in (2.4)
we find

No(t)g™" = 201 £'(8) + £(1). (2:21)

If f(t) = H(t) in Eq. (2.21), then No(t)g~! = 2A~16(t) + H(t).

3. We construct a solution of the second problem for small times. It should be taken into account
that in this case, as was mentioned above, the kernel symbol (1.11) of the integral equation (1.6) is of a more
complex form than that in the first problem. Moreover, it contains four branching points in the complex plane,
which significantly complicates factorization of K((). Nevertheless, the function K({) ({ = u + iv) is positive
and does not have singular points such as poles and branching points on the real axis.

Taking into account this fact and also the asymptotic properties of (2.1) and using the Coiter method
of approximate factorization [6], we approximate the kernel symbol K(¢) (1.11) by the expression?

K@) =/ +h3 R+, hi=b, hihy? =251~ 8. (3.1)

'An approximation of the kernel symbol K () of the form (1.11) that takes into account its behavior over the
entire complex plane ¢ = u + iv is given in [7].

106



For the function K({), we can propose a simpler approximation than (3.1):
K(Q) ~ (P + D)7 h=b. (3.2)

The approximation of the form (3.2) is chosen from the following considerations. First, the branching point of
function (3.2) coincides with the first branching point of the kernel symbol K(() of the form (1.11). Therefore,
one can speak about the approximation of K(() in the region |v| < hy < 1, ju] < oo in the plane of the complex
variable ( = u + tv. This makes it possible to obtain a physically correct solution, because the propagation
velocity of the longitudinal wave of contact stresses under the punch coincides with ¢; [8]. Second, the error
of this approximation along the real axis does not exceed 6%.

Introducing K(¢) in the form (3.2) in relations (2.11) and (2.19), we arrive at equalities (2.15) and
(2.21), in which one should replace the parameter A by the expression A = c;a~1. Thus, the character of
contact stresses here is the same as in the first problem, and, hence, it can be illustrated by Figs. 1 and 2.

In conclusion, we note that the problem of a semi-infinite punch in [8] was solved in approximately the
same manner, and the factorization of the function K(¢) (1.11) was taken in the form of the Cauchy integrals.
The results of [8] are in qualitative agreement with our results.

Moreover, numerical calculations have shown that the solutions of the problems for small and large
times coincide in the region t = 2A~1.

Note that we can construct a solution of the integral equation (1.6) and (1.7) by the method of
orthogonal functions if we use the spectral relation {9

1
ceq(arccosé, —z) -z _ Fek, (0, —z)
B _/1 Ji-e K"( A ) d = "FeK, (0, —)

where |z| < 1 and & = 1/(47?%), and the orthogonality property of the Mathieu periodic functions. Omitting
intermediate calculations, we have

cep(arccos z, — &),

L )
ol(z,p) = ;l._f:__ 'g 1)n+1A(2n)§E%i'_8__ai;cegn(arccos T, —a). (3.3)

To obtain now a solution of the main nonstationary problem of pure shear of an elastic half-space, one
should take, according to (1.4), the inverse Laplace-Carson transform in (3.3). Taking into account the latter
relation in (2.4), we write

= 2 _6_ t -7 T)dT
ole:t) = == / f(t = 7)h(z, 7) dr, »
& ) Fekh, (0, -z

bla,) 22 3 (- Al Ekanlem )

cezpn(arccos z, — ).

n=0

Numerical inversion of the Laplace-Carson transform is performed in the second formula of (3.4), for

example, by the Papulis method [10]. Thereafter, one can determine the force Ny(t) from (2.6) and from the
first formula of (3.4).
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